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Abstract: Let fbe an analytic function in the Hardy space on the polydisc P;. In this article we discuss the area integral means
M, (f. r) of fon the polydisc P, with radius r, and its weighted volume means M, , (f, r) with to the weight (1-|z *(1-|z5)". We
prove that both M, (f, r) and M,,, (f, r) are strictly increasing in r unless f'is a constant. In contrast to the classical case, we also
give a example to show that log M, , (f, r) is not always convex with respect to log , although that we still prove that log M, (f, r)

is logarithmically convex.
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1. The Introduction

Let f be an analytic function on unit circle D in
complex plane C. For 0< p <co the mean integral of f
is defined as

1 27 o\ p
Mp(f,r)=[51.[o ‘f(re’ )‘ dﬁ} ,0<r<l, (1

The classical Hardy convex theorem, which is an important
tool for complex analysis and harmonic analysis, especially

Hardy function space theory, states that M, ( f, r) is strictly
increasing in 7 D[O,l) and logM, ( f ,r) is logarithmically

convex (see [1]). Xiao and Zhu discussed the extension of
these results in the volume integral case in [2]. In fact, they
considered the more general unit sphere problem, namely,

1 1/p
e he (Z)Ipdva(z)} 0sr<t, ()

Mp’a (f,r) - l:va (rB ) B,

where @ is real number and dv, (z) = (1 —|z|2)a dv(z) isa

weighted measure on the unit sphere, and concluded

increases in r and however

M, q (f,r)

logMp,a(f,r) of r is logarithmically convex or

strictly

logarithmically concave depends on the sign of the parameter
a . Further they proved that loghM,, (f,r) is
logarithmically convex when a <0, and a logarithmically

concave function when is non-negative.
In this paper, we discuss the case on the polydisc

P, ={|Zl|<1}x{|22|<1} . Denote by 0yP, =8,%S, the

characteristic boundary. Note that the topology of the
characteristic boundary of the polydisc is very different from

that of the unit sphere, therefore the function space on P, has
some special properties (see [3]).

Let f (Z) be a holomorphic function on P, and do (z)
be a normalized Borel measures on a unit disk. For 0 < p <o,

the mean of weighted volume integral of f (z) is defined by

1/p
Myap(fir)= {(IP)J 7 (=) dva g (z)} 0sr<l, (3)

where dVa’ﬁ (Z) = dUa(Z) (Zl)da'ﬁ(z) (22) with
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a0, (a) = (1=} do (),

e 4)
40, (z2) = (1|2 | do (=),

and
Va3 (er) = LP dva’/; (Z)

We will only discuss the case when a = in this article.
We  shall use the notation v, instead of v,, and
M, , (f,r) instead of M, , z (f,r) . In particular, when
p =00, it can be understood as

M, (f,r) :sup{‘f(z)‘:z[lpz,
in the usual sense. When 0< p <o and a >1, the weighted

=r}L’7(P2,dva),0Sr<1

Z|

Bergman space AL is the intersection of holomorphic
function spaces H(Pz) and I (Pz,dva) on P,, where the

o
normon A} is given by

o =[ [, 1N 00 (2)]

We need some knowledge of the Hardy space. For
0 < p <o, the unit polydisc P, is a Hardy space, and H” is
a holomorphic function that contains P, satisfies the
following conditions:

171, = sup a, (1.r) <0

0<r<l1 ’

Where

M, ()= L) da(Z)Tp

is the area integral mean of fand do (Z ) is the normalization

Lebesgue measure of multi-cylinder surface 0P, , namely

dU(Z ) =ﬁd91d92 . It should pointed out here that the
2

Hardy space on polydisc is quite different from those on
spheres. For example, the modulus of functions of Hardy
space on n-dimensional complex spheres is integral on real
2n—1 dimensional spheres, while the modulus of function of
Hardy space on n-dimensional polydisc is integral on real
n-dimensional torus. In this paper, we will discuss the

monotonicity of M, (f,r) and M, , (f,r) and the
logarithmical convexity of the corresponding logarithmic
functions logM , (f,r) and logM, , (f,r) .
symmetry of multiple cylinders is not as good as that of unit

spheres, the method presented in [2] do not apply to here. But
we find a new method to discuss it, and there will be some new

Since the

conclusions.

2. Monotonicity of »m,(r.r) and m,,(f.r)
and Its Application

We will firstly consider the case of the Hardy space.
Theorem 2.1 Let 0<p<o and let f(z) be a

holomorphic function with extraordinary values on P,. Then

the function ri> M, ( f ,r) is strictly increasing in the
interval [0,1).

Remark. The same theorem on the unit disc has been
proved in [4]. This problem on multiple cylinders is not
easy to be transformed into the unit disc. It is also
di erent from the case on the unit sphere in [2]. The
symmetry of multiple cylinders is insu cient to use slice.
We need some special handling to prove it.

Proof: Suppose that f (z) =f (Zl,Zz) is not a constant
function. Then either f, (zz)= f (zl,zz) is non-constant
with respect to z,Os; for some fixed z , or
/s (zl) =f (zl,zz) is a non-constant with respect to z; s,
for some fixed z,. Without loss of generality, we might
consider the former case. Instead of dealing directly with
M » ( f ,r), let’s start with binary real functions of functions

[5].
My (fnn)= [ [F(i6ont)f as(€)
[ tanela@a@) o
= (] Ir e as(e) sz,

where (0<y,r, <1.Forfixed r, and ,, the inner integral

Ll|f(f’1(1,r252)|pds((1)

in (5) is f, (zl)= f(zl,zz) , which corresponding to a

unitary holomorphic function M f,’ ( frz(z ,rl) Hence
M) (f.n.m) is increasing with respect to 7, i. e.
P
ap(fnn) ©)

07

.. » . . . .
Similarly, M » ( f ,rl,rz) is an increasing function of »,.

In particular, since fz2 (zl)=f (zl,zz) is a non-constant
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function, M [’,’ ( 1, rz) is a strictly increasing function of »,,

SO

aMg(f”’l’rz)

> 0. 7
o (7

Now from M) (f,r)=M5 (f,rl,rz) and (6),(7) we get

dM;’(f,r) _ 0M£(f,ﬁ,r2)+0M5(f,rl,r2)]

>0
dr on or, . (®

n=n=r

which implies that M, ( f ,r) is strictly increasing.

We continue to prove the following conclusion of
M . ( f ,r).

Theorem 2.2 For 0< p<o and & being a real number.
Let f (z) be a holomorphic function on P,. Then the
function r+—> M, , 5 ( f ,r) is an increasing function on the
interval [0,1) . Inparticular, if f isnon-constant,then f is

strictly increasing.
Proof: We may rewrite the integral as follows

[ [ (1-07) 2(1-22) e

Volume Integral Mean of Holomorphic Function on Polydisc

J ‘f dva
©)
Hbmwbm)ﬂdﬂmw o) S Fande
Then
L1 =ra-[ (1-laf) o [ |7 (a¢.r) a0 (¢)ap
v (10)

+r1=P)[ 110 ou [ |1 (¢ 220 a0 (),
T

d8dy

Zz(ZpZz)DTz.

where =do (Z ’) is on torus and

Similarly, since
ve (rPy) = J-rp2 dv, (z) = 4'[(:.[(:(1 -0 )a,Ol (1 ‘,022)” pdpdp, (11)
we have

Srube)= (= [0

Then the derivative of the function M 5’0, ( f ,r) with

respectto » is given by

r(l —rz)a .[or(l _,012)0’:01,’.1-2 |f(p1(1,752)|pda(z)dp1

=) 1o e,

(”Zlapzzz)rdU(Z)dpz

(13)

_J'Orj-or(l—lp1 ) (1 |, ) Ppozj |f /0151’/02(2)| do(¢)dpdp,

[4.[(:(1_[)12)0’ ,01d,017'(1—r2 +4J.0 1_,022) pzdpzr(l—rz)a:l

where
gl an @) g )y )
Since
[ (pires) do(2)> [ |1 (ad.0e) do(¢),
[L1r(r¢000) do(¢)> [ |7 (n¢i0:0)| do(¢).

it follows that

a1 I
dr va(rPZ) P,

and the equality in (14) holds only if f is a constant
function.

Therefore, M}, (f,r) or M,,

£(2) dvg (Z)J 20,0<r<l, (14)

(f ,r) is an increasing

function with respect to », and if f is not a constant

function, it is strictly increasing.

3. Logarithmical Convexity

We now consider the logarithmic function logd, ( f ,r)

on the Hardy space.
Theorem 3.1 Let 0<p<o and f be a holomorphic

function in the Hardy space H,(P,). Then the function
logM, ( f ,r) is a convex function with respect to logr
with #0(0,1).

Proof: It is similar to the proof of Theorem 1.6 in Duren’s
book [4], w suppose for any real number A that

:lirzi 2m 277
m, (fA5,7) Z Mj )

271 271-[ I ‘rl(l

Sty ”1(1 ’2(2)‘ d6de,
(15)
(”1(1 ”252)‘ d6,db,.
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Then Mp(f,ﬁarz)zmp(fsos”larz)

is a pluriharmonic function on

A (ZI’ZZ )‘p

{(zl,zz) ap,,r' < |zl|,|zz| < r"} , 80 it exists a pluriharmonic

function U(zl,zz) on {(zl,zz)DPz,r’<|zl|,|zz|<r"} and

equal to |zl| |22| r, (zl,zz)‘p on the boundary. By the

relationship between the subharmonic function and the

ar2 o (jznjzn U (re e )dﬁd@] 6rzj . ainlU(zl,rze ") ds,d6,

In the upper formula, 0/0n; represents the normal partial

derivative of the first variable,

U, cosgdf +U,singd6 -1y
K On

1o
green’s formula and since U is harmonic, we have that the

d(@lrl) and ds . By

inner interal of (17) ia an univariate function of rzei‘g2 . Let

harmonic function, we have
21 p211
my (£ Arn)< 2”27_[.[ J. ”leﬂ re® )d61d92,r <n,n <r" (16)
The second-order mixed partial derivative of the right-hand

side of (16) is obtained and then the order of integral and
partial derivative is exchanged to get

(17)
1 0 i, Cc
"21d6, =—
rlarz'[ g(rze ) ? nr
Hence
2m 271 a a
! *|d6de, 18
or, a”l("‘ J rl e ) ”1”2 (18)

ou i6,
j\z\-r ads (Vze ) ) where ¢ >0 isa constant. The right hand side of (18), (16) is
P the following function,
then Alogr logr, +B, logr +B, logr, +¢ (19)
among them, A >0 . Now by (18) and (19) we have
2m p2m
%TE j re’g‘ re' )deH =A(logr)’ +(B, +B,)logr+c=A(logr)’ +Blogr+c,r <r<r" (20)

The above formula is obviously a convex function oflogr, so (16) yields that m, ( f ,A,r,r) is logarithmically convex, that

s,

"

2

r+r"

logm, (f A,

Similar to the discussion in Xiao-Zhu [2], (21) and Duren [4,

p. 10] implies that logm, ( f ,r) is also a convex function of

logr, which completes the proof.

Remark. Inspired by the logaithmical convexity in Theorem
3.1 and the weightless integral mean M, ( f ,r) , Xiao and
Zhu naturally consider the logarithmic convexity of the

volume integral mean M, , ( f ,r) of logr on a unit sphere
(see [2]). They found that the logarithmical convexity problem
is more complicated at this time, in fact, for some « ,
M, , ( f ,r) is logarithmically convex, while for others it is
logarithmically concave. On multiple cylinders, the problem
becomes much more complicated because of the correlation
between the two parameters @ and £ . We now give some

examples below.
Example 3.2. Let f be a holomorphic function on P,. Then

for 1sp<o, logM,, (f,r) is a convex function of

logr.

j < %[logmp (f,/\,r',r') +logm, (f,/\,r",r")}

(21)
Proof: Notice first that we have
1/p
D=Ll avte)]
and we may rewrite it as
M,, (f,”) = I;Mdpl_l‘; pzdszpﬂ ‘f(”pfl”’pzzz )‘pda(() (22)

By Theorem 3.1, the logarithm of the innermost integral of
(22) is logarithmically convex, so by the method in [6] we

obtain that logM , (f, r) is a convex function of logr.
Example 3.3. For p=2, a=1. Let f(z) =2z,z,. Then
logM , ,

Proof: By [2, Example 10], the logarithms of volume mean
(zl,r) and M, , (zz,r) on a unit disk are

(f,r) is a concave function of logr.

integrals M, ,

concave function of log7. Then simple calculations give
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logM , , (f,r) =logM, , (zl,r) +logM , , (zz,r) .

Hence logM , , (f,r) is concave function of logr.

4. Conclusion

The proof of the main theorem (Theorem 3.1) is different
from that of Xiao-Zhu [2, 7-15]. And we only work on the
case of a=f  The problem becomes much more

complicated for the case of different because parameters o
and [ . In addition to the lack of symmetry on multiple
cylinders mentioned in the proof which makes the tool of slice
function unusable, it can also be seen from (20) that the proof
here does not deal with the case on three-dimensional multiple
cylinders.
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