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Abstract: In this paper, we mainly study the Cauchy integral formula and mean value theorem for biregular function in octonionic
analysis. Octonion is the extension of complex number to non-commutative and non-associative space. Because of the
non-associative properties of multiplication, octonion plays an important role in wave equation, Yang-Mills equations, operator
theory and so on. In recent years, octonion has become a hot topic for scholars at home and abroad and got many rich results, such as
Fourier transform, Bergman kernel, Taylor series and its applications in quantum mechanics. On the basis of two Stokes theorems,
we get Cauchy integral formula for biregular function in octonionic analysis by using the methods in dealing with the Cauchy integral
formula for biregular function in Clifford analysis and regular function in octonionic analysis. As a direct result we also get the mean
value theorem for biregular function in octonionic analysis. This will generalize the corresponding conclusion in complex analysis
and Clifford analysis, and lays a solid foundation for the application of octonionic analysis in physics.
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1. Introduction

Octonion is a generalization of quaternion to
nonassociative algebra which has played a very important
role in physical phenomena of black hole [1], supersymmetry
and duality, extended supersymmetry [2], supergravity
models etc [3-7]. Wang wei professor and his collaborators
discussed the octonion Heisenber group [8]. Calin, O. and
Chang, D. C. and Markina, I studied the geometric analysis on
H-type groups related to division algebras [9]. In 1998, X. M.
Li studied octonionic analysis [10]. Octonion has been widely
studied by Baez [11]. Recently, Many experts and scholars
are dedicated to octonionic analysis and obtain some results
such as Cauchy integral formula for regular function, Hardy
space, Bergman space [12-15]. H. Y. Wang and his
collaborators studied the right inverse of Dirac in octonion
space and generalized octonionic analysis to octonionic
analysis of several variables [16-17]. J. X. Wang, X. M. Li
described the octonion Bergman kernel for the unit ball [18].
In this paper, we will study regular function of two variables,
called biregular function. But the octonions are neither

commutative nor associative, which bring barriers to the study
of the problems in biregular function. Therefore, we have
biregular Cauchy integral formula and mean value theorem of
octonions by use the associator to overcome the difficulties.

2. Octonion

The octonions O are the nonassociative, noncommutative,
normed division algebra over the real generated bye,,...,¢;

[1], where the multiplication rules between the basis are given
as follows [2, 10]:

ee;t ejei=—2é;-]-,i,j =1,...,7,

2_. _ - 2_ 1=
ey=cy=1, e;eq=epe;=¢;, €;=-Li=1L..7. (1)

;
For eachxJO, it can be written ax = le-el- (x; OR)and
i=0
its conjugate
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7
X = X000 = D %€, @)
i=1

where ;O =g s e;j = —e./- (] = 1,...,7) . Then
ge; =e;e; (Ui, j=1,...,7) and xy=yx(x,y00).

In order to illustrate the relationship between octonion
multiplication, shown in Figure 1. Fano mnemonic where for
simplicity we have used which consists of 7-points and
7-directed lines, then 7-points represent the standard basis for
octonions.

Octonion  multiplication are the nonassociative,
noncommutative. But the subalgebra generated by any two

Figure 1. Fano Mnemonic.

elements is associative, namely, the octonions are alternative. Octonions obey some weakened associative laws, including
So, for any X, y,z[J O | the associator [x, y, z] is defined by [X,  the so-called Moufang identities, for any x,»,z0O | it
Y z]=(xy)z—x (y2). satisfies [1, 19].

[x,y,z] = —[y,x, z] = [y, z,x] ,[x,x,y] = [x,x,y] =0. (xyx)z = x(y (xz)),z(xyx) = ((zx)y)x,x(yz)x = (xy)(zx). 3)

3. Biregular Function

The corresponding Dirac operator is defined as
7
p=Yeo, . )
i=0

More precisely,

77 77
Df(x) = Zzeiejaxifj’f(x)D = Zzejeiaxifj ) )

i=0 j=0 i=0 j=0

7
for any O -valued function f(x) = Ze ./ (x) with f; (x) being real valued.
=0

Definition 1: Let Q [J R® be a nonempty, open and connected set and / 0 C'(Q,0) . If for any x JQ we have
Df(x)=0,(f(x)D =0) inQ, (6)

then the function is said to be left regular function (right regular function) in Q . In short, left regular function is also called
regular function.

Definition 2: Suppose Q = Q, xQ, be a nonempty, open and connected set in R*xR® and f DCI(Q,O) . If for any
(x,y)0Q we have

D.f(x,y)=0 o
S y)D, =0
then the function f is called as a biregular function in Q .
4. Cauchy Integral Formula
We introduce the Cauchy kernel, which satisfies the relation
_ 1 u-x 1 v=y
Eu-x)=————2.E(v-y)=— (®)

85
Wy |u—x| Wy [v=y|
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Then

{DMEI (u-x)=Eu-x)D,=0
DE,(v-y)=E,(v-y)D, =0,

4
T . . .
Where W8=T is the area of the unit sphere in R®.

For later use, we introduce volume element dvy =dy, Ody, O... Udy, and surface measure
7

do, = i(—l)ieidjlzji = Zeividsy

i=0 i=0

o
dy; =dy, U..0dy,, OUdy,,,...0dy; >

where

o
dy; =dy, U...0Ody,_, Udy,,,...0dy;

41

)

(10)

stands the removal of dy, from dvy fori=0,1,...,7 and v; is i -th component of unit outward normal and dsy is the classical

Lebesgue surface measure.

Theorem 1 (Stokes theorem 1)[12, 17] LetU O R® be open and let S J U be an7-dimensional compact differentiable oriented

manifold with boundary. Then for all /,gC ! U,0),

7
L{(ﬂ.v)g+f<Dg>—Z[ajf,e,,g}}dvy =| f(do,g)
j=0

For convenience, we introduce the Stokes theorem?2.

(11)

Theorem 2 (Stokes theorem 2) LetU [ R® be open and let S U be an 7-dimensional compact differentiable oriented

manifold with boundary. Then for all /,gC ! U,0)

;
) {(fD)g +f(Dg)+ jZ; [f,ej,ajg}}dvy =[ (o).
Proof: Applying the divergence theorem, we know that

7 7
[ (o,)e=] Z(;ay‘, (fdo, )y, +(fia, )Z; 0, gdy;
]: j:

[ 7 7 7 7
=0, U nednar g+ Deando, gdy,.]
| /=0 i=0 i=0 j=0

7 7 ) 0 7 ) 0 7
- L D0, UV edydyg+(fY (-1 e;dy)Y 9, gdyj]
j=0

L= =0 =

7
=] | Dz +Y ke, )ay‘,g]dvy

j=0
= H(ﬂ))g +/(Dg) +i[ fep0, g}}dvy_
Jj=0

Lemma 1 [16] For any x,u 1O, x #u ,

(12)

(13)
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;
Z[au‘fEl(u_x)vej’f(x’u)}:07~x¢u. (14)
Jj=0
Proof: Since
1 u-x
Euw-x)=— <
Wy [u—x|
and
u-—x j u-—x
(u<_ )_ 5 (15)
,|u_x|8 |u_x|8 J Jlu_xllo
we get

-X

[ % —8(uj—xj)u—m,€j,f(xs“)]

-

ju=x’ |u=x|

e, ’ .
[ J | ej,f(x,u)]—Z|:8(uj —xj)—xlo,ej,f(x,u):| (16)

=
85
u=x = ju=x|

J

I
(=]

1
~.
< N
S

o st i ]

= |u_x|8 j:0|u_x|10

~
(=]

1
j=}

>

by the weak form of associativity (3) in the last step.
Theorem 3 (Cauchy integral formula) Suppose Q =Q, xQ, O R® xR¥is nonempty, connected and open set. 0Q,,0Q, are
differentiable, oriented and compact Lyapunov surface, if 1 is biregular function in Q , then

|G »)s () UQ,
Iaszlxmz {[E@-xdo, fu)]do}E v -y) = {o, S (17)
Proof: When (x, y) 0Q ,
LQIX&QZ [E:-xdo, fu)]do,)E (- y)
= LQZ {[ LQI Ey(u=x)do, f (u, v))} do, }Ez (v=»)
(18)

7
= J'mz J'Ql [(E1 (u=2)D,)f W)+ Ey (u =)D, £ (uv) = > [ 0u;E, (u=x).e j,f(x,u)]]dvudav E,(v=y)

/=0
=0.

The first term of the above proof is due to the nature of kernel function E,(u —x)D, = 0. Since f is a biregular function

D, f(u,v) =0, then the second term vanishes, and [au Ew=x)e;, f (x,u)] =0by Lemma 1 in the last term.

7
When (x,y)0Q, we construct a  7-dimensional  hyspersphere B (x,0) = {u | Z(ui —xl-)2 < 52} 0Q,
i=0
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;
B,(y,9) Z{V|Z(Vi —yl-)2 < 52} 0Q,, then

i=0

f s ([ =000, f )l } =)
- LBI (x,a)xagz(y,a){[El (u=x)(da, fu, V)):Idav}Ez =) (19)
=6(J).

In the following proof, we will get (lyin}) 6(0) = f(x,y).

6(d) = I [I E(u —x)(dqu(u,v))}dUV E,(v—=y). Using the Stokes theorem 1, we thus obtain
0B, (»,0) 0B, (x,9)

11 — — L —— —
o 3 Jomoo IBI(X’(S)[(u—xDu)f<u,v)+u—x(Dufw,v))—j;[au_,u—x,e,,fw,v)]}dvudav V-
. - - . o (20)
a1 R | N (u—xDu>f(u,v)+u—x(Duf(u,v))—;[ej,ej,f(u,v>] dv,d, jv=y.

The first term above u —xD, =8. The other two terms vanishes, according to definition 2 and the weak form of associativity
(3), we get

L8 U
wywy 0'0 IBi(x.0) 9B, (1.0)

(f(u,v)do, );}dvu. @21

By Stokes theorem 2 in equation (21), we thus obtain

18 — — X —

e N J-Bz(y’J)[(f(u,v)Dv)v—y+f(u,v)(va-y)+;[f(u,v)ae_/aav./v‘y}]dvv
18 — — X — 22
e 7 s jBZ(m[cf(u,v)DV)v—y+f<u,v)(va—y)+;[f(u,v>,ej,ej]]dvv b, ()

_ 1 % U f(u,v)dvv}dvu.
WeWg 07 I B (x,0) I B, (3,0)

The proof is similar to (20).
Therefore, for sufficiently small &, we have f(u,v) = f(u,y)+8(9), f (u,y) = f(x,y) + 8(J), then

. _ 1 64
lim ()=~ Bm“jgﬂy@(f(wy)+0<5>)dvv}dvu
8 .
=5 L SN (23)
_8 .
=5 Ly g 001+ 0N,
= f(x.).

Then the proof of the result is completed.
Corollary: LetQ =Q, xQ, be as stated above, dQ,,0Q, are differentiable, oriented and compact Lyapunov surface, if f is
biregular function in Q , then we have
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1, for(x,y)0Q,

— (24)
0, for(x,y)0Q.

{{E(-x)do,)lda,}E,(v=y) = {

.[anl *x3Q,

Theorem 4 (Mean value theorem) Let B(x,d) 0 R®, B( »,0)0 R® and f is a biregular function in B(x,d,)x B(y,J,), we have

o)
0330, v I B(x.8)xB(1.5,)

f(x,y) = S(u,y)dv,dv,. (25)

Proof: Applying Cauchy integral formula, we know

1 { - }_ )
xX,y)=——— u—-x(do, f(u,v)) |do,}v—y.Let’s use Stokes theorem 1, we have
S(x,p) 518W8528W8 ‘[aB(x’Jl)XaB(y,c)'z) |: ( f( )):| y
8 1 5 J. J- (“‘XDu)f(usV)"'u_X(Duf(%v))—i[auju—x,ej,f(u,v)J dv,do, -y
O W0y Wy Y0B(3.8,) | 9 B(x.4) =
(26)
1 — — Lr— —
= (u—-xD,)f(u,v)+u—x(D, f(u,v))— e..e;, f(uv)||dv,do, v—y,
T Lo 5 o m[ ) (D, f(u,v) ZO[ e )] v
By the weak form of associativity (3) in the last term, and the other two terms are due to
D, f(u,v)=0, f(u,v)D, =0;u—xD, =8,D,v—y =8, we get
. j { j [8(u,)]dv,do }v— ¥ —Lj {j (fu,v)da,)v— y}dv @7)
S w3, wy J0B(r.8) [ B(ra) e 33wt wg dBea) [Jasay T “
By Stokes theorem 2, we have
8 — — < —
_ u,v)D,)v=y+ f(u,v)(D,v—y)+ (u,v),e;,0v.v— dv,dv,
g PR 10 ¥+ L v)(D,v=) ;[f ;00 vy
8 — — < —
S ae— (f(u,v)Dv)v—y+f(u,v)(va—y)+ f(u,v),e»,e» dvudvv
qgwsé-zsws IB(XA)XB(%JZ) jZO[ / j:| (28)
4
-9 J' F(u,v)dv, dv,
O W0y Wy ¥ B(x,0)xB(»,5,)
1

= f(u,v)dv,dv,.
O we 0, wg IB(x,o'l)xB(y,éz) e

o Wy TUTE (KYQD14041, KJ15-18).
The proof is similar to the above manner. Hence v = ?w
volume of the 7-dimensional unit ball. Acknowledgements
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5. Conclusion

In this paper, using the methods in dealing with the
Cauchy integral formula of biregular function in Clifford
analysis and regular function in octonionic analysis, we
obtain the Cauchy integral formula and mean value theorem References
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