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Abstract: In the theory of partitions, Euler’s partition theorem involving odd parts and different parts is one of the famous
theorems. It states that the number of partitions of an integer n into odd parts is equal to the number of partitions of n into
different parts. By intepretting odd parts as parts congruent to 1 modulo 2, the second author and Keith provided a completely
generalization about Euler’s partition theorem involving odd parts and different parts for all moduli and provide new companions
to Rogers-Ramanujan-Andrews-Gordon identities related to this theorem. They gave a combinatorial proof of the theorem by
establishing bijection. In this note, we will offer an anclytic view point of this beautiful theorem. We use q-series and generating
function theories to provide an analytic style proof for some cases of Keith-Xiong’s theorem. By defining basic units and special
units, the basic units in the partitions are divided into two categories, and then the number between the basic units in the special
units is classified, and all the cases when m = 3 and alternative sum type (Σ, 2) are given, our method is verifying the generating
functions of both sides satisfying the same recurrences.
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1. Introduction
Euler proved that the number of partitions of n into odd

parts is equal to the number of partitions n into different
parts. Over the years, there have been a lot of refinements
and generalizations around it [1, 2, 3, 4, 5, 6, 7, 8]. By
intepretting odd parts as parts congruent to 1 modulo 2, the
second author and Keith provided a completely generalization
[9]. Fix a natural number m ≥ 2, a partition with all parts not
congruent to zero modulo m is said to a partition with length
type (l1, l2, l3, . . . , lm−2, lm−1), where for 1 ≤ i ≤ m − 1,
li is the number of parts of the partition which are congruent

to i modulo m. A m-regular partition is said to be a partition
with alternative sum type (Σ1,Σ2, . . . ,Σm−2,Σm−1), if we
write the partition as the form λ1 ≥ λ2 ≥ λ3 ≥ · · · ≥ λkm
(k ≥ 1) by allowing zero as a part, then Σi = (λi − λi+1) +
(λ(m+i) − λ(m+i+1)) + (λ(2m+i) − λ(2m+i+1)) + · · · +
(λ(km−m+i) − λ(km−m+i+1)). The main result in [9] is the
following theorem.

Theorem 1.1 Let m ≥ 2, let P be the set of partitions with
each part can be repeated at mostm−1 times, this implies their
alternating sum types can not be (0, 0, . . . , 0). Let Q be the set
of partitions with no parts ≡ 0 (mod m). Then we have the
partition identity:

∑
λ∈P

z
Σ1(λ)
1 z

Σ2(λ)
2 · · · zΣm−1(λ)

m−1 q|λ| =
∑
µ∈Q

z
l1(µ)
1 z

l2(µ)
2 · · · zlm−1(µ)

m−1 q|µ|.

For example, take n = 7,m = 3, the partitions of 7 with
alternative sum type (2, 1) are 4 + 2 + 1 and 3 + 2 + 1 + 1.
The partitions of 7 with length type (2, 1) are 5 + 1 + 1 and
4 + 2 + 1. In order to prove this theorem, they construct a
beautiful bijection [9, 11, 12, 13, 14, 15].In this note, we use

q-series and generating function theories to provide an analytic
style proof for m = 3 and alternative sum type (Σ, 2). We
hope to offer an anclytic view point of this beautiful theorem.
Our method is verifying the generating functions of both sides
satisfying the same recurrences.
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2. Analytic Proof for m = 3 and
Alternative Sum Type (Σ,2)

We begin with the following lemma.
Lemma 2.1 Let m ≥ 2, 1 ≤ i ≤ m − 1. Let Qi be

the set of partitions with all parts are congruent to i modulo

m, let fQi
(z, q) be the generating function for Qi, bi(l;n)

be the number of partitions of n with l parts and all parts
≡ i (mod m). Let fQ(z1, z2, . . . , zm−1, q) be the generating
function of Q, and b(l1, l2, . . . , lm−1;n) be the number of
partitions of n with length type (l1, l2, . . . , lm−1). That is

fQi(z, q) =
∑
λ∈Qi

zl(λ)q|λ| =
∑

l≥0,n≥0

bi(l;n)zlqn, l(λ) = length of λ,

and

fQ(z1, z2, . . . , zm−1, q) =
∑
λ∈Q

z
l1(λ)
1 z

l2(λ)
2 · · · zlm−1(λ)

m−1 q|λ| =
∑
li,n≥0

b(l1, l2, . . . , lm−1;n)zl11 z
l2
2 · · · z

lm−1

m−1 q
n.

then the generating function of Q satisfies

fQ(z1, z2, . . . , zm−1, q) =

m−1∏
i=1

fQi(zi, q).

equivalently,

b(l1, l2, . . . , lm−1;n) =
∑

ni≥0,n1+···+nm−1=n

b1(l1;n1)b2(l2;n2) · · · bm−1(lm−1;nm−1).

Proof. This is a simple application of the fundamental
counting principle. In order to construct a partition of n with
length type (l1, l2, . . . , lm−1), we firstly decomposition n into
m− 1 positive integers n1, n2, . . . , nm−1, for each ni, choose
a partition of ni with li parts and all parts ≡ i (mod m). Put
all parts of these m-1 partitions together, we get a partition
of n with length type (l1, l2, . . . , lm−1). When considering
all partitions of ni with the given conditions and all possible
decompositions of n, we get all partitions of n with given the

length type (l1, l2, . . . , lm−1).
From this lemma and the facts that the function

q2i

(1− q3)(1− q6)
(i = 1, 2)

generates all partitions with exactly two parts and each part≡ i
(mod 3) and qj

1−qm (1 ≤ j ≤ m − 1) generates all partitions
with only one part and this part is congruent to j modulo m,
we get the following results:

∑
l,n≥0

b(l, 2;n)zlqn =

∑
l,n≥0

b(l, 0;n)zlqn

 q4

(1− q3)(1− q6)
, (1)

∑
l,n≥0

b(2, l;n)zlqn =

∑
l,n≥0

b(0, l;n)zlqn

 q2

(1− q3)(1− q6)
, (2)

∑
l,n≥0

b̃i;j(l, 1;n)zlqn =

∑
l,n≥0

b(0, . . . , 0, l, 0, . . . , 0;n)zlqn

 qj

1− qm
. (3)

Where 1 ≤ j ≤ m − 1, j 66= i and b̃i;j(l, 1;n) =
b(0, 0, . . . , 0, l, 0, . . . , 0, 1, 0, . . . , 0;n), which is the number
of partitions of n with exactly l parts ≡ i (mod m) and one
part ≡ j (mod m).

Now we prove Theorem 1.1 for the type (Σ, 2). Let
a(Σ1,Σ2;n) denote the number of partitions of n with the

alternating sum type (Σ1,Σ2). Theorem 1.1 is equivalent to
the claim: for any Σ ≥ 0, a(Σ, 2;n) = b(Σ, 2;n). Since
a(Σ, 0;n) = b(Σ, 0;n), this is due to Pak-Postnikov[7, 9]. So
it is only to prove the generating function of a(Σ, 2;n) satisfies
the following identity by comparing with the identity (1):

∑
Σ,n≥0

a(Σ, 2;n)zΣqn =

 ∑
Σ,n≥0

a(Σ, 0;n)zΣqn

 q4

(1− q3)(1− q6)
. (4)
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Let λ be a partition with parts repeated times ≤ 2 and the
alternating sum type (Σ, 2). The basic units in λ have two
cases:

Case A. The basic units consist in forms:

λ1 > λ2 = λ3 and two forms λ′1 ≥ λ′2
1
> λ′3.

Where λ′2
1
> λ′3 means λ′2 − λ′3 = 1. Here is an example

with four basic units:

10 > 8 = 8 > 7 = 7 > 6 = 6 > 5 = 5 > 2 > 2 > 1,

the first unit and third unit are the form λ1 > λ2 = λ3, the
second unit and fourth unit (with black colour) are the form

λ′1 ≥ λ′2
1
> λ′3.

Case B. The basic units consist in forms:

λ1 > λ2 = λ3 and one form λ′1 ≥ λ′2
2
> λ′3.

Where λ′2
2
> λ′3 means λ′2 − λ′3 = 2. We give an example

for this case, 8 > 7 = 7 > 6 > 4 = 4 > 3 > 2, where the first
unit is λ1 = 8, λ2 = λ3 = 7, the second unit is λ4 = 6, λ5 =
λ6 = 4, and the third unit is λ7 = 3, λ8 = 2, λ9 = 0.

We call the types λ′1 ≥ λ′2
2
> λ′3 and λ′1 ≥ λ′2

1
> λ′3 to be

special units.
We firstly consider Case A.
Lemma 2.2 The generating function for the number of

partitions of fixed length 3n + 3 with alternating sum type
(Σ, 2) and belonging to the Case A is the sum of the following
n terms, where n ≥ 1.

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1
·

(
n−1∑
k=1

(
1

z2q3k+1
+

1− q3k

zq3k

)
(n ≥ 2) +

(
q2

z2
+
q3(1− q3n)

z

)
(n ≥ 1)

)
, (5)

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

(
n−2∑
k=1

1

z2q6k+4
(n ≥ 3) +

1

z2q3n−5
(n ≥ 2)

)
, (6)

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

(
n−3∑
k=1

1

z2q6k+7
(n ≥ 4) +

1

z2q3n−8
(n ≥ 3)

)
, (7)

. . .

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

n−(n−1)∑
k=1

1

z2q6k+3n−5
+

1

z2q4

 , (8)

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

1

z2q
. (9)

Here we write them as a list so that we can easily see
how each term of them corresponds to the following analysis
and the inequalities on n in brackets means the corresponding
terms requiring n satisfying this condition. Moreover we use
the standard q-Pochhammer symbol notations for simplicity
defined by

(a; q)n :=

n−1∏
i=0

(1− aqi) and (a; q)∞ := lim
L→∞

(a; q)n.

But in the proof of our main results, we sometimes choose
product forms instead of q-Pochhammer symbol so that
readers can easily track our transformations.

Lemma 2.3 The generating function for the number of
partitions of fixed length 3n+ 2 with the alternating sum type
(Σ, 2) and belonging to the Case A is the sum of the following
n terms.

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

(
q2

z2
+
q3(1− q3n)

z

)
(n ≥ 1), (10)

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

z2q3n−5
(n ≥ 2), (11)

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

z2q3n−8
(n ≥ 3), (12)

. . .
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zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

z2q4
, (13)

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

z2q
. (14)

Lemma 2.4 The generating function for the number of partitions of fixed length 3n + 1 with alternating sum type (Σ, 2) and
belonging to the Case A is the sum of the following n− 1 terms.

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

n−1∑
k=1

(
1

z2q3k+1
+

1− q3k

zq3k

)
(n ≥ 2), (15)

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

n−2∑
k=1

1

z2q6k+4
(n ≥ 3), (16)

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

n−3∑
k=1

1

z2q6k+7
(n ≥ 4), (17)

. . .

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

n−(n−1)∑
k=1

1

z2q6k+3n−5
. (18)

Proof of Lemma 2.2. Let λ be a partition of length 3n+3 and
its basic units belonging to the Case A. Note that λ has n + 1
basic units, two of them are special units. We classify such
partitions into n classes by the distance of two special units.
Here the distance 0 means that there is no basic unit of the type
λ1 > λ2 = λ3 between the two special units. The distance 1
means there is only one basic unit of type λ1 > λ2 = λ3

between the two special units, etc. For example, the partition

9 > 8 = 8 > 7 = 7 > 6 > 5 > 4 = 4 > 3 > 2 > 1,

has the distance between special units (the color is black) 1.
By a partition of class d, 0 ≤ d ≤ n− 1, it means the distance
between special units is d. We consider each class as follows.

Distance 0. Let λ be such a partition, if the two special units
are not the last two basic units, then it has the form:

λ1 > λ2 = λ3 > · · · > λ3k−5 > λ3k−4 = λ3k−3 > λ3k−2 ≥ λ3k−1

1
> λ3k >

λ3k+1 ≥ λ3k+2

1
> λ3k+3 ≥ λ3k+4 > λ3k+5 = λ3k+6 > · · · > λ3n+1 > λ3n+2 = λ3n+3,

or the form:

λ1 > λ2 = λ3 > · · · > λ3k−5 > λ3k−4 = λ3k−3 > λ3k−2 ≥ λ3k−1

1
> λ3k =

λ3k+1 > λ3k+2

1
> λ3k+3 ≥ λ3k+4 > λ3k+5 = λ3k+6 > · · · > λ3n+1 > λ3n+2 = λ3n+3.

Where λ3n+3 > 0 and 1 ≤ k ≤ n− 1. By considering conjugates of such partitions, the standard partition analysis gives the
generating function for the first case is

zq

1− zq
q3

1− q3
. . .

zq3k−5

1− zq3k−5

q3k−3

1− q3k−3

1

1− zq3k−2
· q3k−1 · q3k

1− q3k

· 1

1− zq3k+1
· q3k+2 1

1− q3k+3
· zq3k+4

1− zq3k+4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3

=
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3
· q

2

z2
· 1

q3k+3

=
zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

1

z2q3k+1
, (19)
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and the generating function for the second case is

zq

1− zq
q3

1− q3
. . .

zq3k−5

1− zq3k−5

q3k−3

1− q3k−3

1

1− zq3k−2
· q3k−1

· zq3k+1

1− zq3k+1
· q3k+2 1

1− q3k+3
· zq3k+4

1− zq3k+4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3

=
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3
· q

3(1− q3k)

z
· 1

q3k+3

=
zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

1− q3k

zq3k
. (20)

If the special units are the last two basic units, then it has the form:

λ1 > λ2 = λ3 > · · · > λ3n−5 > λ3n−4 = λ3n−3 > λ3n−2 ≥ λ3n−1

1
> λ3n > λ3n+1 ≥ λ3n+2

1
> λ3n+3, (λ3n+3 > 0),

or the form:

λ1 > λ2 = λ3 > · · · > λ3n−5 > λ3n−4 = λ3n−3 > λ3n−2 ≥ λ3n−1

1
> λ3n = λ3n+1 > λ3n+2

1
> λ3n+3, (λ3n+3 > 0).

By considering conjugates of such partitions, the standard partition analysis gives the generating function for the first case is

zq

1− zq
q3

1− q3
. . .

zq3n−5

1− zq3n−5

q3n−3

1− q3n−3

1

1− zq3n−2
· q3n−1 · q3n

1− q3n
· 1

1− zq3n+1
· q3n+2 q3n+3

1− q3n+3

=
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3
· q

2

z2

=
zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

q2

z2
. (21)

And the generating function for the second case is

zq

1− zq
q3

1− q3
. . .

zq3n−5

1− zq3n−5

q3n−3

1− q3n−3

1

1− zq3n−2
· q3n−1 · zq3n+1

1− zq3n+1
· q3n+2 q3n+3

1− q3n+3

=
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3
· q

3(1− q3n)

z

=
zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

q3(1− q3n)

z
. (22)

Add up (19) and (20), summing k from 1 to n− 1 and then add them to (21) and (22), the sum is

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

(
n−1∑
k=1

(
1

z2q3k+1
+

1− q3k

zq3k

)
+

(
q2

z2
+
q3(1− q3n)

z

))
,

Which is the term (5) in Lemma 2.2. When special units are not the last basic unit, such a partition has at least three basic
units, hence in the term

n−1∑
k=1

(
1

z2q3k+1
+

1− q3k

zq3k

)
,

n should satisfy n ≥ 2. The term
q2

z2
+
q3(1− q3n)

z

corresponds to the special units being the last two basic units, it implies λ has at least two basic units, hence n ≥ 1. In the
following cases, we have similar analysis on inequalities involving n.

Distance 1. In this case, the two special units must appear in the following form:
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λ3k−2 ≥ λ3k−1

1
> λ3k ≥ λ3k+1 > λ3k+2 = λ3k+3 > λ3k+4≥ λ3k+5

1
> λ3k+6,

if any special unit does not appear as the last basic unit, hence k can take from 1 to n− 2, or the form:

λ3n−5 ≥ λ3n−4

1
> λ3n−3 ≥ λ3n−2 > λ3n−1 = λ3n > λ3n+1≥ λ3n+2

1
> λ3n+3,

if one special unit is exactly the last basic unit. The generating function for the former is
zq

1− zq
q3

1− q3
. . .

zq3k−5

1− zq3k−5

q3k−3

1− q3k−3

1

1− zq3k−2
· q3k−1 · 1

1− q3k
· zq3k+1

1− zq3k+1
· q3k+3

1− q3k+3

· 1

1− zq3k+4
· q3k+5 · 1

1− q3k+6
· zq3k+7

1− zq3k+7
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3

=
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3
· 1

z2q6k+4

=
zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

1

z2q6k+4
, (n ≥ 3), (23)

and for the later is

zq

1− zq
q3

1− q3
. . .

zq3n−8

1− zq3n−8

q3n−6

1− q3n−6

1

1− zq3n−5
· q3n−4 · 1

1− q3n−3
·

zq3n−2

1− zq3n−2
· q3n

1− q3n
· 1

1− zq3n+1
· q3n+2 · q3n+3

1− q3n+3

=
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3
· 1

z2q3n−5

=
zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

1

z2q3n−5
, (n ≥ 2). (24)

Sum (23) for k from 1 to n− 2 and then add it to (24), we get the term

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

(
n−2∑
k=1

1

z2q6k+4
(n ≥ 3) +

1

z2q3n−5
(n ≥ 2)

)
,

which is the term (6) in Lemma 2.2.
Distance d satisfies 2 ≤ d ≤ n− 2. The two special units must appear in the form:

λ3k−2 ≥ λ3k−1

1
> λ3k ≥ λ3k+1 > λ3k+2 = λ3k+3 > · · · = λ3k+3d > λ3k+3d+1 ≥ λ3k+3d+2

1
> λ3k+3d+3,

corresponding to the last special unit being not the last basic unit, hence k can take from 1 to n− d− 1 for fixed d, or the form:

λ3n−3d−2 ≥ λ3n−3d−1

1
> λ3n−3d ≥ λ3n−3d+1 > · · · > λ3n+1 ≥ λ3n+2

1
> λ3n+3,

corresponding to one special unit exactly being the last basic unit. The generating function for the former is

zq

1− zq
q3

1− q3
. . .

zq3k−5

1− zq3k−5

q3k−3

1− q3k−3

1

1− zq3k−2
· q3k−1 · 1

1− q3k
· zq3k+1

1− zq3k+1
. . .

zq3k+3d−2

1− zq3k+3d−2

· q3k+3d

1− q3k+3d

1

1− zq3k+3d+1
· q3k+3d+2 · 1

1− q3k+3d+3
· zq3k+3d+4

1− zq3k+3d+4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3

=
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3
· 1

z2q6k+3d+1

=
zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

1

z2q6k+3d+1
, (2 ≤ d ≤ n− 2, 1 ≤ k ≤ n− d− 1). (25)
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And for the later is

zq

1− zq
q3

1− q3
. . .

q3n−3d−3

1− q3n−3d−3

1

1− zq3n−3d−2
· q3n−3d−1 · 1

1− q3n−3d
·

zq3n−3d+1

1− zq3n−3d+1
. . .

q3n

1− q3n
· 1

1− zq3n+1
· q3n+2 · q3n+3

1− q3n+3

=
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3
· 1

z2q3n−3d−2

=
zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

1

z2q3n−3d−2
, (2 ≤ d ≤ n− 1). (26)

For each 2 ≤ d ≤ n− 2, sum (25) for k from 1 to n− d− 1
and then add up the term in (26) corresponding to d, we get the
term (d) in Lemma 2.2.

Distance n − 1. This is the last case of Lemma 2.2, it
corresponds to the distance n − 2 being maximal. Hence one

special unit is the first basic unit and another special unit is the
last basic unit. λ has the form:

λ1 ≥ λ2

1
> λ3 ≥ λ4 > · · · > λ3n+1 ≥ λ3n+2

1
> λ3n+3.

The generating function is

1

1− zq
· q2 1

1− q3

zq4

1− zq4
. . .

q3n

1− q3n

1

1− zq3n+1
· q3n+2 · q3n+3

1− q3n+3

=
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3
· 1

z2q

=
zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

1

z2q
.

Which is the term (9) in Lemma 2.2. We complete the proof
of Lemma 2.2.

Proof of Lemma 2.3. The analysis above holds for the case
of λ has length 3n+2, except that in each case (0 ≤ d ≤ n−1,

d = distance), one special unit must be the last unit and
λ3n+2 = 1 .

We use the case of distance 0 to illustrate them. λ has the
form:

λ1 > λ2 = λ3 > · · · > λ3n−2 ≥ λ3n−1

1
> λ3n > λ3n+1 ≥ λ3n+2, (λ3n+2 = 1),

or the form:

λ1 > λ2 = λ3 > · · · > λ3n−2 ≥ λ3n−1

1
> λ3n = λ3n+1 > λ3n+2, (λ3n+2 = 1).

The generating function for the former is

zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2
q3n−1 q3n

1− q3n

1

1− zq3n+1
q3n+2

=
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

q2

z2

=
zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

q2

z2
. (27)

The generating function for the later is

zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2
q3n−1 zq3n+1

1− zq3n+1
q3n+2

=
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

q3(1− q3n)

z

=
zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

q3(1− q3n)

z
. (28)
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Add up (27) and (28), we get the term (10) in Lemma 2.3.
Such a partition has at least two basic units, hence n ≥ 1. By
the similar analysis in Lemma 2.2, we find that for the cases
of distance from 1 to n− 1, partitions with length 3n+ 2 and
one special unit is the last unit can be obtained from partitions
with length 3n + 3 and one special unit is the last basic unit
by omitting the part λ3n+3 and letting λ3n+2 = 1. Therefore,
in each case, the generating function for partitions with length
3n+2 and one special unit being the last basic unit is the same
as that of the partitions of length 3n + 3 with one special unit
being the last basic unit except without the factor

q3n+3

1− q3n+3
.

They correspond to the terms (11) to (14) in Lemma 2.3.
We complete the proof of Lemma 2.3.
Proof of Lemma 2.4. Since such a partition has length 3n+1,

hence the last basic unit can not be a special unit. Therefore,
the range of distance between two special units is from 1 to
n − 2. As the analysis of the partitions with length 3n + 3,

we find in each case (distance from 0 to n− 2), partitions with
length 3n + 1 and the last basic unit is not a special unit can
be obtained from the partitions with length 3n + 3 and the
last basic unit being not a special unit by omitting the parts
λ3n+3 and λ3n+2. Therefore, the generating function, for each
0 ≤ d ≤ n − 2, for partitions of length 3n + 1 and the last
basic unit being not a special unit can be obtained from the
generating function for partitions with length 3n + 3 and the
last basic unit being not a special unit by omitting the factor

q3n+3

1− q3n+3
.

These correspond to the terms (15) to (18) in Lemma 2.4.
We complete the proof of Lemma 2.4.
We next consider the Case B.
Lemma 2.5 The generating function for the number of

partitions with the given length and alternating sum types
(Σ, 2) and belonging to Case B is the sum of the following
four terms.

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

n

z
(n ≥ 1), for length 3n+ 3, (29)

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

q3n+3

z
(n ≥ 0), for length 3n+ 3, (30)

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

n

z
(n ≥ 1), for length 3n+ 1, (31)

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

q3n+3

z
(n ≥ 0), for length 3n+ 2. (32)

Proof of Lemma 2.5. In Case B, each partition has only one special unit. We still consider three partitions classes by their
length 3n+ 3, 3n+ 2 and 3n+ 1, where n ≥ 0. In each class, the special unit can be the last basic unit or not.

Length 3n+ 3. λ has the form:

λ1 > λ2 = λ3 > · · · = λ3k−3 > λ3k−2 ≥ λ3k−1

2
> λ3k ≥ λ3k+1 > · · · = λ3n+3, (1 ≤ k ≤ n),

or the form:
λ1 > λ2 = λ3 > · · · = λ3n > λ3n+1 ≥ λ3n+2

2
> λ3n+3.

The generating function for the former is

zq

1− zq
q3

1− q3
. . .

q3k−3

1− q3k−3

1

1− zq3k−2
q6k−2 1

1− q3k
· zq3k+1

1− zq3k+1
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3

=
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3

1

z

=
zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

1

z
, (1 ≤ k ≤ n).

The special unit can be any kth basic unit, 1 ≤ k ≤ n, so we get the term (29) in Lemma 2.5 by adding them. The generating
function for the later is
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zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

zq3n+1

1− zq3n+1

1

zq3n+1
q6n+4 q3n+3

1− q3n+3

=
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

q3n+3

1− q3n+3

q3n+3

z

=
zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

q3n+3

z
, (n ≥ 0).

We get the term (30) in lemma 2.5.
Length 3n+ 2. Special unit in λ must be the last basic unit.

We note that such partitions can be obtained from partitions
belonging to the Case B with length 3n+3 and the special unit
being the last basic unit by omitting the part λ3n+3 and Letting
λ3n+2 = 2. Hence the generating function for partitions
belong to the Case B with length 3n + 2 and the special unit
being the last basic unit can be obtained from the generating
function for partitions belong to Case B with length 3n+3 and
the special is the last basic unit by omitting the factor

q3n+3

1− q3n+3
.

So we get the term (32) in Lemma 2.5.
Length 3n+1. In this case, the special unit can not be the last

basic unit. As the analysis above, we find that such partitions
can be obtained from partitions belonging to the Case B with
length 3n+ 3 and the special unit being not the last basic unit

by omitting the part λ3n+3 and the part λ3n+2. Hence the
generating function for partitions belong to the Case B with
length 3n + 1 and the special unit being not the last basic
unit can be obtained from the generating function for partitions
belong to Case B with length 3n+ 3 and the special being not
the last basic unit by omitting the factor

q3n+3

1− q3n+3
.

It corresponds the term (31) in Lemma 2.5.
We complete the proof of Lemma 2.5.
Now the generating function for a(Σ, 2;n) will be the sums

of all terms in Lemma 2.2, Lemma 2.3, Lemma 2.4 and
Lemma 2.5 involving 3n + 3, 3n + 2, and 3n + 1, and adds
them together where n runs over the ranges indicating in these
lemmas. We firstly compute the sum of terms only involving
1
z . It is

∑
n≥1

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

n

z
+
∑
n≥1

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

n

z
+
∑
n≥0

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

q3n+3

z

+
∑
n≥0

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

q3n+3

z
+
∑
n≥2

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

n−1∑
k=1

1− q3k

zq3k
+
∑
n≥1

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1

· q
3(1− q3n)

z
+
∑
n≥1

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

q3(1− q3n)

z
+
∑
n≥2

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

n−1∑
k=1

1− q3k

zq3k

=
∑

terms(n ≥ 2) +
∑

terms (n = 1) +
∑

terms (n = 0).

After using the identity

∑
n≥2

zn+1q3n2+7n+4

(zq; q3)n+1(q3; q3)n+1
A+

∑
n≥2

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n
A =

∑
n≥2

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3
A,

we have ∑
terms(n ≥ 2) =

∑
n≥2

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3

n

z
+
∑
n≥2

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n
· 1

1− q3n+3

q3n+3

z

+
∑
n≥2

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3

q3(1− q3n)

z

+
∑
n≥2

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3

n−1∑
k=1

1− q3k

zq3k
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=
∑
n≥2

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3
·

(
n

z
+
q3(1− q3n)

z
+
q3n+3

z
+

n−1∑
k=1

1− q3k

zq3k

)

=
∑
n≥2

zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

q3n

1− q3n

1

1− zq3n+1

(
nq3n+1

1− q3n+3
+
q3n+4(1− q3n)

1− q3n+3

+
q6n+4

1− q3n+3
+

q4(1− q3n−3)

(1− q3n+3)(1− q3)
+

(1− n)q3n+1

1− q3n+3

)

=

∑
n≥2

zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

q3n

1− q3n

1

1− zq3n+1

 q4

1− q3
.

And ∑
terms(n = 0) +

∑
terms(n = 1)

=
1

1− zq
q4

1− q3
+

zq

1− zq
q3

1− q3

1

1− zq4

(
q10

1− q6
+

q4

1− q6

)
+

zq

1− zq
q3

1− q3

zq4

1− zq4

1

1− q6

q3(1− q3)

z

=
1

1− zq
q4

1− q3
+

zq

1− zq
q3

1− q3

1

1− zq4

q4

1− q3
.

Combine it with the last equality above, we get the sum only involving 1
z is∑

n≥0

zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

q3n

1− q3n

1

1− zq3n+1

 q4

1− q3
. (33)

Now we compute the sum involving 1
z2 in Lemma 2.2 lemma 2.3 and Lemma 2.4. After using the identity(

zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

q3n+3

1− q3n+3

)
A+

(
zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

)
A =

(
zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3

)
A.

We find there are four sums involving 1
z2 , three sums of them are

∑
n≥1

(
zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3

)
q2

z2
, (34)

∑
n≥2

(
zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3

)
n−1∑
k=1

1

z2q3k+1
, (35)

∑
n≥2

(
zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3

)
1

z2

(
1

q
+

1

q4
+ · · ·+ 1

q3n−5

)
, (36)

and the fourth is the sum of the following n− 2 terms:

∑
n≥3

(
zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3

)
n−2∑
k=1

1

z2q6k+4
(37)

+
∑
n≥4

(
zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3

)
n−3∑
k=1

1

z2q6k+7
(38)
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+
∑
n≥5

(
zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3

)
n−4∑
k=1

1

z2q6k+10
(39)

+ . . .

+
∑
n≥3

(
zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3

)
n−(n−1)∑
k=1

1

z2q6k+3n−5
. (40)

Where the last term (40) corresponds to the case that the distance between two special units is n− 2 and the last unit is not a
special unit, there is only one case, corresponding to k = 1, hence n > 2. So the range for sum is n ≥ 3 in (40). Note that the
case of the distance zero already appears in (37) (the term of k = n− 2). Now

The first sum =
∑
n≥1

(
zn+1q3n2+4n+1

(zq; q3)n+1(q3; q3)n

1

1− q3n+3

)
q2

z2

=
∑
n≥1

(
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n−2

1− zq3n−2

q3n

1− q3n

zq3n+1

1− zq3n+1

1

1− q3n+3

)
q2

z2

=
∑
n≥1

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
· q

3n−2

1
· q3n

1− q3n
· 1

1− zq3n+1
· q3n+1

1− q3n+3
· q

2

1

=
∑
n≥1

(
zq

1− zq
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
· q

3n−2

1
· q3n

1− q3n
· (1 + zq3n+1 + . . . ) · q3n+1

1− q3n+3
· q

2

1

=
∑
n≥1

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
q3n−2

1
· q3n

1− q3n
· 1 · q3n+1

1− q3n+3
· q

2

1
+

∑
n≥1

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
· q

3n−2

1
· q3n

1− q3n
· zq3n+1

1− zq3n+1
· q3n+1

1− q3n+3
· q

2

1

=
∑
n≥1

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
q3n−2

1
· q3n

1− q3n
· 1 · q3n+1

1− q3n+3
· q

2

1

+
∑
n≥1

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

)
q3n+1

1
· q3n+1

1− q3n+3
· q

2

1

=
∑
n≥1

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
q9n+1

(1− q3n)(1− q3n+3)

+
∑
n≥1

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

)
q6n+4

1− q3n+3
.

Let

A1 =
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2
,

A2 =
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1
.

The second sum =
∑
n≥2

(
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

1

1− q3n+3

) n−1∑
k=1

1

z2q3k+1

=
∑
n≥2

(
zq

1− zq
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
q3n−2

1
· q3n

1− q3n
· 1

1− zq3n+1
· q3n+1

1− q3n+3
·
n−1∑
k=1

1

q3k+1
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=
∑
n≥2

A1
q3n−2

1
· q3n

1− q3n
· (1 + zq3n+1 + . . . ) · q3n+1

1− q3n+3
·
n−1∑
k=1

1

q3k+1

=
∑
n≥2

A1
q3n−2

1
· q3n

1− q3n
· 1 · q3n+1

1− q3n+3
·
(

1

q4
+

1

q7
+ · · ·+ 1

q3n−2

)

+
∑
n≥2

A1
q3n−2

1
· q3n

1− q3n
· zq3n+1

1− zq3n+1
· q3n+1

1− q3n+3
·
(

1

q4
+

1

q7
+ · · ·+ 1

q3n−2

)
=
∑
n≥2

A1
1

(1− q3n)(1− q3n+3)
·
(
q6n+1 + q6n+4 + · · ·+ q9n−5

)
+
∑
n≥2

A2
1

1− q3n+3
·
(
q3n+4 + q3n+7 + · · ·+ q6n−2

)
=
∑
n≥2

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
q6n+1(1− q3n−3)

(1− q3n)(1− q3n+3)(1− q3)

+
∑
n≥2

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

)
q3n+4(1− q3n−3)

(1− q3n+3)(1− q3)
.

The third sum =
∑
n≥2

(
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

1

1− q3n+3

)
· 1

z2

(
1

q
+

1

q4
+ · · ·+ 1

q3n−5

)

=
∑
n≥2

(
zq

1− zq
. . .

1

1− zq3n−2

)
q3n−2

1
· q3n

1− q3n
· 1

1− zq3n+1
· q3n+1

1− q3n+3
·
(

1

q
+

1

q4
+ · · ·+ 1

q3n−5

)

=
∑
n≥2

A1
q3n−2

1
· q3n

1− q3n
· (1 + zq3n+1 + . . . ) · q3n+1

1− q3n+3
·
(

1

q
+

1

q4
+ · · ·+ 1

q3n−5

)

=
∑
n≥2

A1
q3n−2

1
· q3n

1− q3n
· 1 · q3n+1

1− q3n+3
·
(

1

q
+

1

q4
+ · · ·+ 1

q3n−5

)
+

∑
n≥2

A1
q3n−2

1
· q3n

1− q3n
· zq3n+1

1− zq3n+1
· q3n+1

1− q3n+3
·
(

1

q
+

1

q4
+ · · ·+ 1

q3n−5

)
=
∑
n≥2

A1
1

(1− q3n)(1− q3n+3)
·
(
q6n+4 + q6n+4 + · · ·+ q9n−2

)
+
∑
n≥2

A2
1

1− q3n+3
·
(
q3n+7 + q3n+7 + · · ·+ q6n+1

)
=
∑
n≥2

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
q6n+4(1− q3n−3)

(1− q3n)(1− q3n+3)(1− q3)

+
∑
n≥2

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

)
q3n+7(1− q3n−3)

(1− q3n+3)(1− q3)
.

Before computing the fourth sum, we first compute the dth term in the fourth sum:

The dth term =
∑

n≥d+2

(
zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

zq3n+1

1− zq3n+1

1

1− q3n+3

) n−d−1∑
k=1

1

z2

1

q6k+3d+1

=
∑

n≥d+2

(
zq

1− zq
. . .

1

1− zq3n−2

)
q3n−2

1
· q3n

1− q3n
· 1

1− zq3n+1
· q3n+1

1− q3n+3
·
n−d−1∑
k=1

1

q6k+3d+1
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=
∑

n≥d+2

A1
q3n−2

1
· q3n

1− q3n
· (1 + zq3n+1 + . . . ) · q3n+1

1− q3n+3
·
n−d−1∑
k=1

1

q6k+3d+1

=
∑

n≥d+2

A1
q3n−2

1
· q3n

1− q3n
· 1 · q3n+1

1− q3n+3
·
n−d−1∑
k=1

1

q6k+3d+1

+
∑

n≥d+2

A1
q3n−2

1
· q3n

1− q3n
· zq3n+1

1− zq3n+1
· q3n+1

1− q3n+3
·
n−d−1∑
k=1

1

q6k+3d+1

=
∑

n≥d+2

A1
1

(1− q3n)(1− q3n+3)
·
(
q3n+3d+4 + q3n+3d+10 + · · ·+ q9n−3d−8

)
+
∑

n≥d+2

A2
1

1− q3n+3
·
(
q3d+7 + q3d+13 + · · ·+ q6n−3d−5

)
=
∑

n≥d+2

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
· q3n+3d+4(1− q6n−6d−6)

(1− q3n)(1− q3n+3)(1− q6)

+
∑

n≥d+2

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

)
q3d+7(1− q6n−6d−6)

(1− q3n+3)(1− q6)
.

Therefore, the fourth sum =
∑
n≥3

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
·
n−2∑
d=1

q3n+3d+4(1− q6n−6d−6)

(1− q3n)(1− q3n+3)(1− q6)

+
∑
n≥3

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

) n−2∑
d=1

q3d+7(1− q6n−6d−6)

(1− q3n+3)(1− q6)

=
∑
n≥3

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
· q3n+7(1− q3n−3)(1− q3n−6)

(1− q3n)(1− q3n+3)(1− q6)(1− q3)

+
∑
n≥3

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

)
q10(1− q3n−3)(1− q3n−6)

(1− q3n+3)(1− q6)(1− q3)
.

Now the sum of four sums is the first sum+the second sum+ the third sum+the fourth sum indicated above. Since in the four
sums, the common range of n is n ≥ 3, so we first consider the four sums over all n ≥ 3, and then consider terms corresponding
to n = 1 and n = 2.

The first sum restrict to n ≥ 3 + the second sum restrict to n ≥ 3

+ the third sum restrict to n ≥ 3 + the fourth sum restrict to n ≥ 3

=
∑
n≥3

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
q9n+1

(1− q3n)(1− q3n+3)

+
∑
n≥3

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

)
q6n+4

1− q3n+3

+
∑
n≥3

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
q6n+1(1− q3n−3)

(1− q3n)(1− q3n+3)(1− q3)

+
∑
n≥3

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

)
q3n+4(1− q3n−3)

(1− q3n+3)(1− q3)

+
∑
n≥3

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
q6n+4(1− q3n−3)

(1− q3n)(1− q3n+3)(1− q3)
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+
∑
n≥3

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

)
q3n+7(1− q3n−3)

(1− q3n+3)(1− q3)

+
∑
n≥3

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
· q3n+7(1− q3n−3)(1− q3n−6)

(1− q3n)(1− q3n+3)(1− q6)(1− q3)

+
∑
n≥3

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

)
q10(1− q3n−3)(1− q3n−6)

(1− q3n+3)(1− q6)(1− q3)

=
∑
n≥3

A1

(
q9n+1

(1− q3n)(1− q3n+3)
+

q6n+1(1− q3n−3)

(1− q3n)(1− q3n+3)(1− q3)

+
q6n+4(1− q3n−3)

(1− q3n)(1− q3n+3)(1− q3)
+

q3n+7(1− q3n−3)(1− q3n−6)

(1− q3)(1− q6)(1− q3n)(1− q3n+3)

)
+
∑
n≥3

A2

(
q6n+4

1− q3n+3
+

q3n+4(1− q3n−3)

(1− q3n+3)(1− q3)
+

q3n+7(1− q3n−3)

(1− q3n+3)(1− q3)
+

q10(1− q3n−3)(1− q3n−6)

(1− q3)(1− q6)(1− q3n+3)

)

=
∑
n≥3

A1
q3n+7

(1− q3)(1− q6)
+
∑
n≥3

A2
q10(1− q3n)

(1− q3)(1− q6)
.

But ∑
n≥3

A1
q3n+7

(1− q3)(1− q6)
=
∑
n≥2

A2
q3n+10

(1− q3)(1− q6)
,

Hence

The first sum restrict to n ≥ 3 + the second sum restrict to n ≥ 3

+ the third sum restrict to n ≥ 3 + the fourth sum restrict to n ≥ 3

=
zq

1− zq
q3

1− q3

zq4

1− zq4

q6

1− q6

1

1− zq7

q16

(1− q3)(1− q6)
+
∑
n≥3

A2
q3n+10

(1− q3)(1− q6)
+
∑
n≥3

A2
q10(1− q3n)

(1− q3)(1− q6)

=
zq

1− zq
q3

1− q3

zq4

1− zq4

q6

1− q6

1

1− zq7

q16

(1− q3)(1− q6)
+
∑
n≥3

A2
q10

(1− q3)(1− q6)
. (41)

Now we consider the sum of terms n ≤ 2, their sum is

the first sum restrict to n < 3 + the second sum restrict to n < 3

+ the third sum restrict to n < 3 + the fourth sum restrict to n < 3

=

2∑
n=1

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
q9n+1

(1− q3n)(1− q3n+3)

+

2∑
n=1

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

)
q6n+4

1− q3n+3

+

2∑
n=2

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
q6n+1(1− q3n−3)

(1− q3n)(1− q3n+3)(1− q3)

+

2∑
n=2

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

)
q3n+4(1− q3n−3)

(1− q3n+3)(1− q3)

+

2∑
n=2

(
zq

1− zq
q3

1− q3
. . .

q3n−3

1− q3n−3

1

1− zq3n−2

)
q6n+4(1− q3n−3)

(1− q3n)(1− q3n+3)(1− q3)
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+

2∑
n=2

(
zq

1− zq
q3

1− q3
. . .

q3n

1− q3n

1

1− zq3n+1

)
q3n+7(1− q3n−3)

(1− q3n+3)(1− q3)

=
1

1− zq
q10

(1− q3)(1− q6)
+

zq

1− zq
q3

1− q3

1

1− zq4

q19

(1− q6)(1− q9)
+

zq

1− zq
q3

1− q3

1

1− zq4

q10

1− q6

+
zq

1− zq
q3

1− q3

zq4

1− zq4

q6

1− q6

1

1− zq7

q16

1− q9
+

zq

1− zq
q3

1− q3

1

1− zq4

q13

(1− q6)(1− q9)

+
zq

1− zq
q3

1− q3

zq4

1− zq4

q6

1− q6

1

1− zq7

q10

1− q9
+

zq

1− zq
q3

1− q3

1

1− zq4

q16

(1− q6)(1− q9)

+
zq

1− zq
q3

1− q3

zq4

1− zq4

q6

1− q6

1

1− zq7

q13

1− q9

=

(
1

1− zq
+

zq

1− zq
q3

1− q3

1

1− zq4

)
q10

(1− q3)(1− q6)
+

zq

1− zq
q3

1− q3

zq4

1− zq4

q6

1− q6

1

1− zq7

q10

1− q3
. (42)

Combine (41) with (42), we get the sum only involving 1
z2 is∑

n≥0

zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

q3n

1− q3n

1

1− zq3n+1

 q10

(1− q3)(1− q6)
. (43)

Therefore, the generating function for the partitions with repeated times ≤ 2 and alternating sum types (Σ, 2) is∑
Σ,n≥0

a(Σ, 2;n)zΣqn = the sums involving
1

z
+ the sums involving

1

z2

=(33) + (43)

=

∑
n≥0

zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

q3n

1− q3n

1

1− zq3n+1

 q4

(1− q3)(1− q6)
.

But the function ∑
n≥0

zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

q3n

1− q3n

1

1− zq3n+1

is exactly the generating function of a(Σ, 0;n)! Since the general term

zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

q3n

1− q3n

1

1− zq3n+1

generates all partitions with pure type (Σ, 0) with length 3n or 3n+1: the generating function for partitions with pure type (Σ, 0)
and length 3n (by considering their conjugates) corresponds to

zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

q3n

1− q3n

and the generating function for partitions with pure type (Σ, 0) and length 3n+ 1 corresponds to

zq

1− zq
q3

1− q3

zq4

1− zq4
. . .

q3n

1− q3n
(zq3n+1 + z2q6n+2 + . . . ).

Hence we proved a(Σ, 2;n) satisfies the same relation as
b(Σ, 2;n).

The proof is completed.

3. Conclusion

We use q-series and generating function theories to provide
an analytic style proof for m = 3 and alternative sum type
(Σ, 2). Our method is verifying the generating functions of
both sides satisfying the same recurrences. According to this
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method, we can also get more general results, but because the
counting process is more complicated, we will not give the
proof process here, and those who are interested can try to
count.
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