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Abstract: Initially Ulam’s stability problem has originated for functional equations of both linear and nonlinear types. Because
of Hyers and Rassias, the Ulam’s stability problem has come to different shapes over different spaces. Slowly, it has got its name
as Hyers-Ulam stability and Hyers-Ulam-Rassias stability. Meanwhile, the Hyers-Ulam stability has been extended to special
functional equations like differential and difference equations. In this study, we examine the Hyers-Ulam stability and Hyers-
Ulam-Rassias stability of a class of first-order nonlinear delay difference equations with real coefficients on Banach space. Also,
its nonhomogeneous counterpart has been studied for the same. Why we are interested in this study is that this is a special type of
stability unlike the so called stability of differential or difference equations. As soon as we locate a solution in a Banach space, it
is in the ε -neighbourhood while the concerned difference inequality is in an ε -neighbourhood. Lipschitz condition and Banach’s
fixed point theorem are our state of art to apply. Main results are illustrated by the examples.
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1. Introduction
The study of stability problems for various functional

equations originated from a talk given by S. M. Ulam in
1940 [23]. Ulam discussed a number of important unsolved
problems duing that talk. An example of such a problem

is a problem regarding the stability of functional equations
and state that “Give conditions for a order mapping near
approximately linear mapping to exist”. In 1941, Hyers [3]
gave an answer to the problem as follows:

Let E1 and E2 be two real Banach spaces and u : E1 → E2

be a mapping. If there is an ε > 0 such that

|u(x+ y)− u(x)− u(y)| ≤ ε, (x, y ∈ E1),

then there exists a unique additive mapping T : E1 → E2 such that

|u(x)− T (x)| ≤ ε, x ∈ E1.

Furthermore, the result of Hyers has been generalized
by Rassias [18]. Many researchers have since extended
Ulam’s stability problems to other functional equations and
generalised Hyer’s result in a variety of ways (see for e.g.,

[4, 11, 12, 19]). In subsequent times, Ulam’s stability problems
for functional equations were replaced with stability problems
for differential equations as well. The differential equation

an(θ)y(n)(θ) + an−1(θ)y(n−1)(θ) + . . .+ a1(θ)y′(θ) + a0(θ)y(θ) + h(θ) = 0

has the Hyers-Ulam stability, if for given ε > 0, I be an open interval and for any function u satisfying the differential inequality
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|an(θ)y(n)(θ) + an−1(θ)y(n−1)(θ) + . . .+ a1(θ)y′(θ) + a0(θ)y(θ) + h(θ)| ≤ ε,

Then there exists a solution u0(θ) of the above equation
such that | u(θ)− u0(θ) |≤ K(ε) and lim

ε→0
K(ε) = 0, θ ∈ I .

If the preceding statement is also true when we replace
ε and K(ε) by φ(t) and ψ(t) respectively, where φ, ψ :

I → [0,∞) are functions independent of u and u0 explicitly,
then we say that the corresponding differential equation has
the generalized Hyers-Ulam stability or Hyers-Ulam-Rassias
stability. Keeping in view of the above fact, we formulate the
following definition:

Definition 1.1. The difference equation

ak(ξ)y(ξ + k) + ak−1(ξ)y(ξ + k − 1) + . . .+ a1(ξ)y(ξ + 1) + a0(ξ)y(ξ) + h(ξ) = 0

has the Hyers-Ulam stability, if for given ε > 0 and for any function f satisfying the inequality

| ak(ξ)y(ξ + k) + ak−1(ξ)y(ξ + k − 1) + . . .+ a1(ξ)y(ξ + 1) + a0(ξ)y(ξ) + h(ξ) |≤ ε,

Then there exists a solution f0 of the above difference
equation such that | f(ξ)− f0(ξ) |≤ K(ε) and lim

ε→0
K(ε) = 0

for ξ ∈ N(0) = {0, 1, 2, 3, . . .}.
If we replace ε and K(ε) with ϕ(ξ) and ψ(ξ), where

ϕ(ξ) and ψ(ξ) are real valued functions defined on N(ξ0),
ξ0 ≥ 0 for ξ ∈ N(ξ0), which are independent of f and f0
explicitly, we say that the corresponding difference equation
has the generalized Hyers-Ulam stability or Hyers-Ulam-
Rassias stability.

Several works on Hyers-Ulam stability have been done in
the direction of differential equations. Obloza seems to be
the first author who has investigated the Hyers-Ulam stability
of linear differential equations (see for e.g., [15, 19]). After
that, Alsina and Ger published their work [1], where they have
proved the Hyers-Ulam stability of the differential equation
y′(t) = y(t). In this direction, we refer the works [5, 6, 7,
8, 10, 13, 14, 16, 20, 21] and the references cited therein.

The objective of this work is to investigate the Hyers-Ulam
stability of the difference equations

a(ξ + 1)y(ξ + 1)− a(ξ)y(ξ) = b(ξ)g(y(ξ − σ(ξ))) (1)

and
a(ξ + 1)y(ξ + 1)− a(ξ)y(ξ) = b(ξ)g(y(ξ − σ(ξ))) + h(ξ), (2)

Where a(ξ), b(ξ), σ(ξ) and h(ξ) are real valued functions defined on N(0) = {0, 1, 2, 3, . . .} such that a, σ ∈ R+, b, h ∈ R,
lim
ξ→∞

(ξ − σ(ξ)) = +∞, and g ∈ C(R,R) such that ug(u) > 0 for u 6= 0. It is worth mentioning that there has been little

research on (1)/(2) with regard to Hyers-Ulam stability. Towards this end, we refer the reader to some works [2, 9, 17] of the
literature.

Definition 1.2. By a solution of (1) or (2), we mean a real valued function x(ξ) which satisfies (1) or (2) and such that

x(ξ) =

{
η(ξ), ξ ∈ [−ξ∗, 0]
y(ξ), ξ ∈ N(0).

Definition 1.3. We say that (1) has the Hyers-Ulam-Rassias stability with respect to θ(ξ), if there exists ε > 0 with the following
property: for each real valued function x(ξ) satisfying

| a(ξ + 1)y(ξ + 1)− a(ξ)y(ξ)− b(ξ)g(y(ξ − σ(ξ))) |≤ θ(ξ), (3)

there exists a solution x0(ξ) of (1) such that

| x(ξ)− x0(ξ) |≤ Kθ(ξ), ξ ∈ N(0).

2. Hyers-Ulam Stabiity of (1) and (2)

This section is devoted for discussion on the Hyers-Ulam stability and Hyers-Ulam-Rassias stability of (1) and (2).
Theorem 2.1. Let g be Lipschitzian on [ξ∗,∞) with Lipschitz constant L and (3) hold. Assume that
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(A1) lim sup
ξ→∞

(
L

a(ξ)

ξ−1∑
s=0

| b(s) |

)
= α < 1,

(A2) lim sup
ξ→∞

(
α+

1

a(ξ)

)
= β < 1

And

(A3) there exists a real valued function z(ξ) such that
1

a(ξ)

ξ−1∑
s=0

| θ(s) |≤ cz(ξ) for all ξ.

Then (1) has the Hyers-Ulam-Rassias stabiity.
Proof Let (A1) and (A2) be hold. Then there exist ξ1, ξ2 > 0 and β1, β2 > 0 such that

L

a(ξ)

ξ−1∑
s=0

| b(s) |) ≤ α1, ξ ≥ ξ1

and
α1 +

1

a(ξ)
≤ β1, ξ ≥ ξ2.

Let X = l∞ξ3 be the Banach space of all the real valued functions x(ξ) with the sup norm defined by

‖x‖ = sup
ξ≥0
| x(ξ) |

for ξ > ξ3 > max{ξ1, ξ2}.
Define a subset S of X as follows:

S = {u(ξ) : ‖u‖ < δ, u(ξ) = ψ(ξ), ξ ∈ [−ξ∗3 , 0]}.

Clearly, S is a closed convex subset of X , and we define T : S → S by

Tu(ξ) =


ψ(ξ), ξ ∈ [−ξ∗3 , 0],

ψ(0)
a(ξ) + 1

a(ξ)

ξ−1∑
s=0

b(s)g(u(s− σ(s))), ξ ≥ 0.

Indeed,

| Tu(ξ) | ≤ | ψ(0) |
| a(ξ) |

+
1

a(ξ)

ξ−1∑
s=0

| b(s) || g(u(s− σ(s)) |≤ δ

a(ξ)
+

L

a(ξ)

ξ−1∑
s=0

| b(s) || (u(s− σ(s)) |

≤ δ

a(ξ)
+
L‖u‖
a(ξ)

ξ−1∑
s=0

| b(s) |≤
(
α1 +

1

a(ξ)

)
δ ≤ β1δ < δ

implies that ‖Tu‖ < δ and hence T : S → S. For u, v ∈ S, we have

| Tu(ξ)− Tv(ξ) |≤ 1

a(ξ)

ξ−1∑
s=0

| b(s) || g(u(s− σ(s)))− g(v(s− σ(s))) |

≤ L

a(ξ)

ξ−1∑
s=0

| b(s) || u(s− σ(s))− v(s− σ(s)) |≤ L‖u− v‖
a(ξ)

ξ−1∑
s=0

| b(s) |≤ α1‖u− v‖

implies that
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‖Tu− Tv‖ ≤ α1‖u− v‖.

Therefore, T is a contraction with α1 < 1. Hence by Banach’s fixed point theorem, T has a unique fixed point and let it be
x0(ξ) ∈ S for ξ ∈ [−ξ∗3 ,∞). Thus,

x0(ξ) =


ψ(ξ), ξ ∈ [−ξ∗3 , 0]

ψ(0)
a(ξ) + 1

a(ξ)

ξ−1∑
s=0

b(s)g(x0(s− σ(s))), ξ ≥ 0.

We may note that ψ(0) = a(0)x(0). Form (3), it follows that

−θ(ξ) ≤ ∆(a(ξ)x(ξ))− b(ξ)g(x(ξ − σ(ξ))) ≤ θ(ξ)

for ξ ∈ [−ξ∗3 ,∞). Therefore for ξ ≥ −ξ∗3 ,

−
ξ−1∑
s=0

θ(s) ≤ a(ξ)x(ξ)− a(0)x(0)−
ξ−1∑
s=0

b(s)g(x(s− σ(s))) ≤
ξ−1∑
s=0

θ(s),

that is,

−
ξ−1∑
s=0

θ(s) ≤ x(ξ)− ψ(0)

a(ξ)
− 1

a(ξ)

ξ−1∑
s=0

b(s)(x(s− σ(s))) ≤ 1

a(ξ)

ξ−1∑
s=0

θ(s).

Consequently,

| Tx(ξ)− x(ξ) |≤ cz(ξ), ξ ≥ −ξ∗3

due to (A3). Now

| x(ξ)− x0(ξ) | =| x(ξ)− Tx(ξ) + Tx(ξ)− x0(ξ) |≤| Tx(ξ)− x(ξ) | + | Tx(ξ)− Tx0(ξ) |≤ cz(ξ) + α1 | x(ξ)− x0(ξ) |

implies that

| x(ξ)− x0(ξ) |≤ c

1− α1
z(ξ) = Kz(ξ), ξ ≥ −ξ∗3 ,

that is, (1) has the Hyers-Ulam-Rassias stability with the stability constant K = c
1−α1

> 0. This completes the proof of the
theorem.

Corollary 2.1. Let g be Lipschitzian on [−ξ∗,∞). Assume that (A1), (A2) and

(A4) lim
ξ→∞

(
ξ

a(ξ)

)
= K,K > 0

Hold. If for ε > 0

| ∆(a(ξ)x(ξ)− b(ξ)g(x(ξ − σ(ξ))) |≤ ε,

then (1) has the Hyers-Ulam Stability with the stability constant K.
Proof The proof of the corollary follows from the proof of Theorem 2.1. Hence the details are omitted.
Example 2.1. Consider

∆((ξ + 1)x(ξ)) +
1

4
(1 +

1

ξ + 1
)x(

ξ

2
) = 0, ξ ≥ 0, (4)

where σ(ξ) = ξ
2 , a(ξ) = ξ + 1, b(ξ) = − 1

4 (1 + 1
ξ+1 ) and g(x) = x. Clearly L = 1 and

lim sup
ξ→∞

L

a(ξ)

ξ−1∑
s=0

| b(s) |= lim sup
ξ→∞

1

4(ξ + 1)

ξ−1∑
s=0

(
1 +

1

ξ + 1

)
≤ lim sup

ξ→∞

2ξ

4(ξ + 1)
=

1

2
= α
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implies that

lim sup
ξ→∞

(
α+

1

ξ − 1

)
≤ 1

2
+ lim sup

ξ→∞

(
1

ξ + 1

)
=

1

2
= β.

Also,

lim sup
ξ→∞

(
ξ

ξ + 1

)
= 1 = K.

If we choose x(ξ) = 1
(ξ+1)2 , then ψ(0) = 1 and

x0(ξ) =
1

ξ + 1
− 1

ξ + 1

ξ−1∑
s=0

(1 +
1

(s+ 1)(s+ 2)
).

It is easy to verify that | x(ξ) − x0(ξ) |< ε for ξ ≥ 0. Hence by Corollary 2.1, (4) has the Hyers-Ulam stability with the
stability constant K = 1.

Theorem 2.2. Assume that

| a(ξ + 1)a(ξ + 1)− a(ξ)x(ξ)− b(ξ)g(x(ξ − σ(ξ))− h(ξ) |≤ θ(ξ).

Let g be Lipschitzian on [−ξ∗,∞), with the Lipschitz constant L. If (A3),

(A5) lim sup
ξ→∞

(
1

a(ξ)
)[L

ξ−1∑
s=0

| b(s) | +1

δ

ξ−1∑
s=0

| h(s) |] = ν < 1, δ > 0 is a constant

And

(A6) lim sup
ξ→∞

[ν +
1

a(ξ)
] = τ < 1

Hold, then (2) is stable in the sense of Hyers-Ulam-Rassias stability.
Proof The first half of the proof of the theorem follows of Theorem 2.1. In this case,

Tu(ξ) =


ψ(ξ), ξ ∈ [−ξ∗3 , 0]

ψ(0)
a(ξ) + 1

a(ξ)

ξ−1∑
s=0

[b(s)g(u(s− σ(s))) + h(s)], ξ ≥ 0.

For the second half, we have that

−θ(ξ) ≤ ∆(a(ξ)x(ξ))− b(ξ)g(x(ξ − σ(ξ)))− h(ξ) ≤ θ(ξ)

for ξ ∈ [−ξ∗3 ,∞). For ξ ≥ −ξ∗3 and therefore,

−
ξ−1∑
s=0

θ(s) ≤ a(ξ)x(ξ)− a(0)x(0)−
ξ−1∑
s=0

[b(s)g(x(s− σ(s)))− h(s)] ≤
ξ−1∑
s=0

θ(s),

that is,

− 1

a(ξ)

ξ−1∑
s=0

θ(s) ≤ x(ξ)− ψ(0)

a(ξ)
− 1

a(ξ)

ξ−1∑
s=0

[b(s)g(x(s− σ(s)))− h(s)] ≤ 1

a(ξ)

ξ−1∑
s=0

θ(s).

Consequently,

| Tx(ξ)− x(ξ) |≤ cz(ξ), ξ ≥ −ξ∗3

due to (A3). The rest of the proof follows from the proof of the Theorem 2.1. Hence the theorem is proved.
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Corollary 2.2. Let g be Lipschitzian on [−ξ∗,∞). Assume that (A4), (A5) and (A6) hold. If for ε > 0,

| ∆(a(ξ)x(ξ))− b(ξ)g(x(ξ − σ(ξ)))− h(ξ) |≤ ε,

then (2) has the Hyers-Ulam stability with the stability constant K.
Proof The proof of the theorem can be followed from Theorem 2.2. Hence the details are omitted.
Example 2.2. Consider

∆((ξ + 1)x(ξ)) +
1

4
(1 +

2

ξ + 1
)x(

ξ

2
) =

1

(ξ + 1)(ξ + 2)2
(5)

for ξ ≥ 0, where σ(ξ) = ξ
2 , a(ξ) = ξ + 1, b(ξ) = − 1

4 (1 + 2
ξ+1 ), g(x) = x and h(ξ) = 1

(ξ+1)(ξ+2)2 . Clearly, L = 1 and

lim sup
ξ→∞

1

a(ξ)
[L

ξ−1∑
s=0

| b(s) | +1

δ

ξ−1∑
s=0

| h(s) |]

≤ lim sup
ξ→∞

1

4(ξ + 1)

ξ−1∑
s=0

(1 +
2

s+ 1
) +

1

δ
lim sup
ξ→∞

1

ξ + 1

ξ−1∑
s=0

1

(s+ 1)(s+ 2)2

≤ lim sup
ξ→∞

1

4(ξ + 1)

ξ−1∑
s=0

(1 + 2) +
1

δ
lim sup
ξ→∞

1

ξ + 1

ξ−1∑
s=0

1

(s+ 1)(s+ 2)

≤ lim sup
ξ→∞

3ξ

4(ξ + 1)
+

1

δ
lim sup
ξ→∞

1

ξ + 1

ξ

(ξ + 1)
=

3

4
= ν

implies that

lim sup
ξ→∞

[ν +
1

a(ξ)
] = lim sup

ξ→∞
[
3

4
+

1

ξ + 1
] ≤ 3

4
= τ.

Also, lim sup
ξ→∞

(
ξ

a(ξ)
) = 1 = K. If we choose x(ξ) = 1

(ξ+1)2 , then ψ(0) = 1 and x0(ξ) = 1
ξ+1 −

ξ
(ξ+1)2 .

It is easy to verify that | x(ξ) − x0(ξ) |≤ ε for ξ ≥ 0. Hence by Corollary 2.2, (5) has the Hyers-Ulam stability with the
stability constant K = 1.

3. Discussion and Conclusion
The present work deals with the Hyers-Ulam stability properties of the nonlinear difference equations (1) and (2). In the light

of the preceding method, it would be interesting to investigate the Hyers-Ulam stability properties of the second order nonlinear
difference equations of the form:

a(ξ + 2)y(ξ + 2)− a(ξ + 1)y(ξ + 1) + a(ξ)y(ξ) = b(ξ)g(y(ξ − σ(ξ))) (6)

and

a(ξ + 2)y(ξ + 2)− a(ξ + 1)y(ξ + 1) + a(ξ)y(ξ) = b(ξ)g(y(ξ − σ(ξ))) + h(ξ). (7)

If b(ξ) ≡ 0, then (6) and (7) have been discussed for Hyers-
Ulam stability in [22]. Otherwise, further discussion is left to
the interested readers working in this area.
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